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Abstract 

The present paper deals with the quantum coordinates of an event 
in space-time, individuated by a quantum object. It is known that 
these observables cannot be described by self-adjoint operators or by 
the corresponding spectral projection-valued measure. We describe 
them by means of a positive-operator-valued (POV) measure in the 
Minkowski space-time, satisfying a suitable covariance condition with 
respect to the Poincare group. This POV measure determines the 
probability that a measurement of the coordinates of the event gives 
results belonging to a given set in space-time. We show that this 
measure must vanish on the vacuum and the one-particle states, which 
cannot define any event. We give a general expression for the Poincare 
covariant POV measures. We define the baricentric events, which lie 
on the world-line of the centre-of-mass, and we find a simple expression 
for the average values of their coordinates. Finally, we discuss the 
conditions which permit the determination of the coordinates with an 
arbitrary accuracy. 

PACS: 03.65.Bz - quantum theory; 02.20.-|-b - group theory. 



1 Introduction. 



The aim of the present article is to study how a physical quantum system can 
define (with some indetermination) a point in Minkowski space-time, namely 
an event. This study, even if it has a rather formal character, may help to 
clarify the operational meaning of the concept of event, namely its definition 
in terms of observables. Some results about this problem have been given in 
[H]. The most natural approach is to consider the space-time coordinates of 
the event as quantum observables described by the hermitian operators X°, 
a = 0, 1, 2, 3. Operators of this kind have been defined in ref. p| in the case 
of a relativistic system of zero mass particles, which has a symmetry under 
dilatations. 

If we indicate by the self-adjoint operators that describe the compo- 
nents of four-momentum, it is natural to assume that, in a suitable dense 
domain of the Hilbert space Ti, we have = c = 1, g^^ = 1) 

[P^,X^]=zg-^, (1) 

or, in the translation invariant domain where the operators X" are defined, 

exp(-ix„P")X'^ exp(ix„P") = + x^. (2) 
If the operator p^X" is self-adjoint, we have 

exp(ip„X")P^ exp(-2p„X") = P^ + / (3) 

and it follows that the joint spectrum of the four-momentum operators P" is 
invariant under translations in the direction of the four-vector p". Since this 
joint spectrum is contained in the future cone, p^X" cannot be self-adjoint. 
It follows that the operators X" cannot have a spectral representation and 
the statistical interpretation of the corresponding observables requires some 
particular attention. 

The argument given above, discussed by Wightman 0, is an immediate 
generalization of a well known argument due to Pauli Q concerning the time 
observable T, namely the quantity obtained by reading a quantum clock. It 
satisfies the commutation relation 

^=^[H,T] = 1, (4) 
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where t is the usual time parameter, measured by a classical external clock. 
If T is self-adjoint this equation contradicts the fact that the spectrum of the 
Hamiltonian H is bounded from below. 

Our coordinate X° is strictly related to the reading of a clock, but it is 
more similar to a time-of-arrival observable P, ||, |^, ||, ^ [Tl|, |12|], namely 
the time registered by a classical clock when some event happens, for instance 
a quantum particle reaches a given point, or two quantum particles coUide. 
If we consider a quantum clock, the time-independent observable 

X° = t - T (5) 

is the time t measured by a classical clock when the quantum clock gives 
T = 0, and it is a typical time-of-arrival observable. Its commutator with 
the Hamiltonian H = is given by eq. (|I]). 

Here we deal with an "indirect" measurement of a time-of-arrival, namely 
the measurement operation can be performed at any time t and we use the 
equations of motion, which are supposed to be known. A different and more 
difficult problem is the "direct" measurement of a time-of-arrival, performed 
by means of operations lasting a long time and detecting immediately the 
event at the time at which it happens. 

The quantum time problem has been discussed by several authors, see for 



example P, M, 15, M, O, m m 20, 21, 22], besides the ones cited above 
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spectral representation 

T = / tdr{t), (6) 



where r is a normalized positive-operator-valued (POV) measure on the real 
line. Since T is not self-adjoint, r cannot be a projection-valued measure (for 
a different point of view, see 0). The POV measure r is not uniquely de- 
termined by the operator T, but it describes the time observable completely, 
since the probability that the result of a time measurement is contained in 
an interval / is given by 

P(/) = (^,r(/)^), (7) 

t{I)= J^dr{t), (8) 
where the normalized vector describes the quantum state of the clock. 
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Observables of this kind have been considered for different purposes by 

The operator r(/) represents a test (or 
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29,^ 



several authors ^ 

an effect) |]^, namely a mixed yes-no observable. If we decompose 

the real line into a set of non-overlapping intervals Ji, . . . , the operators 

I that for 



r(/i), . . . ,r(J„) represent a multi-bin test. One can show p4 



any multi-bin test one can find a corresponding measuring instrument, if 
there are no limitations to the choice of the interaction Hamiltonian. This 
result legitimates the use of observables defined by POV measures within the 
standard formalism of quantum theory. 

The aim of the present paper is to apply the POV measure formalism to 
the four space-time coordinates X" of an event measured with respect to a 
classical reference frame. The quantities X^,X'^,X^ should not be confused 
with the self-adjoint Newton- Wigner coordinates of a particle [|], |36|, |37|, 



which do not commute with the Hamiltonian P^, since the position of the 
particle changes with time. The coordinates of an event are clearly time- 
independent. 

A particular need of a clear treatment of the quantum properties of the 
space-time coordinates arises when one considers the limitations to the mea- 
surements of time and length, which appear when one tries to merge quantum 
theory, relativity and gravitation |^9|, 0, |4^, From this 

point of view, our treatment in the absence of gravitation is just a prelim- 
inary but necessary exercise. In fact, we have to remember that in general 
relativity the physical meaning of the coordinates is a delicate problem even 



in the absence of quantum effects [|^, || . 

In Section 2 we describe the POV measures in the Minkowski space- 
time which are covariant with respect to the space-time translations. In 
Section 3 we impose the Poincare covariance condition and we give an explicit 
general formula for these POV measures. We also discuss the constraint 
which appears in the presence of a symmetry under dilatations. We shall not 
consider in this article the conditions imposed by the covariance under space 
and time reflections, when the theory considered has these symmetries. 

It is expected that, given a suitable physical object, the choice of the 
POV measure is not uniquely determined. In fact there is a large arbitrari- 
ness in the choice of the conventions which define the event in terms of the 
properties and the motion of the object. It follows that it is interesting to 
study more restricted classes of POV measures obtained by imposing some 
further constraints. In Section 4 we discuss the "baricentric" events, which 
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lie, exactly or approximately, on the world-line of the centre-of-mass of the 
object that defines them. In Section 5 we give explicit expressions for the 
operators X" and we compare our results with the ones of ref. 0. In Section 
6 we study the conditions which permit the determination of the coordinates 
of an event with an arbitrary accuracy. 



2 Translation covariant POV measures. 

Following the ideas introduced above, we consider a POV measure r(/) on 
the Minkowski space-time Ai. If the normalized vector ip ^ Ti. describes, in 
the Heisenberg picture, the state of the system that defines the event, the 
probability that the event is found in the Borel set / C is given by 

P(/) = (V^,r(/)V^). (9) 

It is necessary to make clear that we are dealing with "indirect" measure- 
ments of the coordinates of an event, namely the test r(/) is not measured 
by means of physical operations performed in the space-time region I. For 
this reason we do not require that the operators r(/) and t(/') commute if 
the regions / and /' are space-like separated. Actually, it has been shown 
that r(/) cannot be a quasi local observable The normalization 

condition 

r{M) = 1 (10) 

means that an event is certainly detected at some point of space-time. We 
shall show that, in general, this is not true for an arbitrary choice of the 
state tp; for instance the vacuum state cannot define any event. Therefore 
we adopt the weaker assumption 

< t{M) < 1. (11) 

Then we put 

X" = f x"c/r(x). (12) 

J M 

Since these operators cannot be self-adjoint, r cannot be a projection- valued 
measure. 

We indicate by V the universal covering of the proper orthochronous 
Poincare group V. For its elements we use the notation (x,a), where x is a 
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four- vector wliich describes a translation and a G SL{2, C). A(a) is the 4x4 
Lorentz matrix corresponding to a. If U{x, a) is the unitary representation 
of V that acts on the space Ti, we require that 

U\x, a)T{A{a)I + x)U{x, a) = t{I). (13) 

This means that the POV measure r and the representation U of V form a 
"system of covariance" [51|. If r were a projection- valued measure, we should 
have a "system of imprimitivity" [^. Of course, the covariance assumption 
is valid if no external objects intervene in the definition of the event. 

It is clear that the covariance and the boundedness conditions (|Tl]) do 
not determine the POV measure r uniquely. For instance, if K is an unitary 
operator that commutes with all the operators U{x,a), the POV measure 

r'(/) = Kh{I)K (14) 

satisfies the required conditions as well as r. The covariance condition (^) 
is satisfied even if K is not unitary. 

In the rest of the present Section we consider a (i-dimensional space-time 
and we use only the covariance with respect to the space-time translation 
group, that can be written in the form 

exp(-zx„P")r(/ + x) exp(ia;„P°) = r(/). (15) 

From this equation and eq. (0) we obtain 

exp(-ix^P°)X'^ exp(ix«P°) = + x^t{M), (16) 

which coincides with eq. (^ if the measure r is normalized. 

If we also assume that the momentum spectrum is contained in the closed 
future cone V , as a consequence of eq. (|T5[) we obtain the following result: 

Proposition 1 If I d M. is a non-empty open set, we have 

t{I) > 0. (17) 



Moreover, the equality 
implies that 



(7A,r(/)V^) = (18) 
{ij,T{M)^) = 0. (19) 
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If r(/) = 0, we also have r(J + x) = for any choice of the vector x and 
therefore r(A^) = in contradiction with eq. (|ll]). In order to prove the 
second part of the Proposition, we consider two open sets /' and /" with the 
property 

/' + /" C /. (20) 

Then we have 

(V', r(/' + x)^) = (exp(-zx„P")V', r(J') exp(-ia;„P")V^) = 

for xel", (21) 

namely 

(r(/'))^/^exp(-za;„P°)^ = for xel". (22) 

This expression is the limit of a vector-valued function analytic in the tube 
defined by Imx G —V, where V is the open future cone. An application of 



the edge-of-the-wedge theorem ||53] shows that this analytic function vanishes 



in the whole tube and it follows that 

{^,t{I' + x)^) = (23) 

for any real value of x. The announced result follows from the additivity 
property of the measure. 

From Proposition |I], we obtain another proof that r cannot be a projection- 
valued measure. In fact, if / has a non-empty interior, r(/) cannot be a 
projection operator different from r(A^). We also see that the localization 
of an event in a bounded region / cannot be considered as a "property" of 
the system. 

The problem of finding a general representation for a covariant POV 



measure has been studied by several authors |^ 0, q^, Here we 

give, for easier reference, a self-contained treatment of the particular case 
in which we are interested. In the meantime, we introduce the notations 
necessary for further developments. 



The Hilbert space Ti. of the theory is given by the direct integral |52, 58 



n = J nik)dfx{k), (24) 

where is a measure in the (i- dimensional momentum space. If we choose 
suitable bases in the spaces TC{k), its elements are described by the wave 
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functions ipaik), defined in regions of momentum space that can depend on 
a. We adopt the convention that the wave functions vanish outside the region 
in which they are defined. The norm is given by 



[Y.\Mk)\'df^ik). (25) 



The measure fi can be decomposed into a part fi' absolutely continu- 
ous with respect to the Lebesgue measure and a part /i" which has a support 
with vanishing Lebesgue measure. The Hilbert space has the corresponding 
decomposition 

n = n'®n". (26) 

We can rescale the wave functions (outside the support of fi") and replace 
the measure dfi' by the equivalent measure fs{k) d'^k, where fsik) is the 
characteristic function of the support S of /i'. With our convention on the 
wave functions, this factor can be omitted. If we indicate by P' the projection 
operator on the subspace TC', we have 

(^,PV)= fY.\Mk)\'d'k. (27) 

We consider the dense translation invariant linear space T> G Ti. composed 
of the wave functions in momentum space which are infinitely differentiable, 
fast decreasing and not vanishing only for a finite set of values of the index 
a. They have the property 

= fY.\il + koyMk)\'dfi{k)<oo, r = 0,l,..., (28) 

which implies that F{P)iIj G 7i for any choice of the polynomial function 
F{P) of the momentum operators. We define the topology of V by means of 
this family of norms. 

The convolution of the numerical measure T{x)(f)) with the function 
g{x), continuous and with compact support, is a function of x given by 



^, J gix-y) dT{y) 0^ 
exp(-^x„P")V, I g{-y) dr{y) exp(-«a;„P")0) . (29) 



8 



Its partial derivatives are given by sums of similar expressions in which the 
vectors ip and are replaced by vectors of the kind F{P)ip and F'{P)(j), where 
F{P) and F'{P) are polynomials. If ■i/', G V, we see that the convolution 
defined above is infinitely differentiable for any choice of the continuous func- 
tion g. A general theorem concerning distributions permits one to draw 
the following conclusion: 

Proposition 2 Iftlj,(f)EV, we can write 

{tlj,T{I)(j))= [ p{tlj,(j),x)d''x, (30) 



where p{ip,(j),x) in an infinitely differentiable function of x. In particular 

i,p,T{I)ij) = J^p{ij,x)d''x, (31) 

where 

p(V^,x)=p(V',^,x)>0. (32) 

If we introduce the set 

I{x) = {yeM:y°<x°,y^<x\..., /"^ < x'^"^} (33) 

we have 

nttlj /A If] = 

dx'^dx^ ■ ■ ■ dx^~ 



Qd 



= Q^OQ^i^..Q^d-i (exp(-^a;„P-)^, r(/(0)) exp(-zx«P")0) . (34) 
A simple calculation gives 

|p(^,0,a;)| <2'^||^|U||0|U (35) 
and we see that p{ip,(f),x) for fixed values of continuous function of 

From eq. (Ill]) and (|T5|) we obtain 



p{^,x)d''x<Uf, (36) 
p(exp(z?/aP")^/', exp(%„P")0, x + y) = p{i/j, 0, x). (37) 
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Since p{ip,(j),x) is a continuous function of x, it has a well defined value at 
X = 0. If p{ip, 0, 0) is given, we put 

p{ip,4>y^) = p(exp(— iXaP")'?/', exp(— iXaP°)0, 0) (38) 



and the covariance condition ( p7D is satisfied. 

Note that pi^ip, 0, 0) is a continuous sesquihnear form on the space V. It 
defines a scalar product in the quotient space V/Vq and on its completion 
Ti, which is a Hilbert space. We have indicated by T>o the subspace of V 
defined by the condition p(?/', 0) = 0. This construction also defines a linear 
operator h : V —y H and we have 

p(^,0,O) = (/iV',M, (39) 

where at the right hand side there is the scalar product of the Hilbert space 
Ti. The operator h is continuous, since we have 

11/^^11 < 2^/1^ II,. (40) 

We introduce a basis in the space H and we represent its element \1/ by 
means of its components The norm is given by 

||^||2 = ^|$^|2. (41) 



From eq. (|40D , using the Riesz theorem, we see that we can write 

= = (27r)-'^/2 f Y^K,„^k)i^,^k) dp{k), (42) 

where the functions K^„{k) are locally square integrable with respect to the 
measure p,. 

From eqs. (|38|) and (^9|) we have 



p{ij,x) = J2\%{x)\', (43) 

7 

where 

^(x) = hexp{-iXaP'')i^, (44) 
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namely 



From eq. (|36D and (ji^) , we obtain 

jY.\^!^{x)\^d''x< 



(45) 



(46) 



and we see that the functions ^-yi^x) are square integrable. We also see that 
eq. (0) defines a bounded linear mapping h : V ^ 7i<^L2{A4), which can be 
extended by continuity to the whole space H. It follows that for all the vectors 
ip ^Ti the POV measure r can be defined by eq. ([3T|), where the probability 
density p{ip,x) is an integrable function (in general not continuous). 

The square integrable functions '^'y{x) can be represented as Fourier 
transforms of square integrable functions '^'y{k) in momentum space, namely 
we have 

^^(x) = (27r)-'^/2 / ^^{k) exp(-ia;«fc") d'^k. (47) 

By comparing eqs. (^5]) and (|47D we obtain the following equality between 
measures 

J2 K^,{k)ip,{k) dfx{k) = ^y{k) d'^k. (48) 

Since this measure vanishes on the sets of zero Lebesgue measure, we can 
drop the singular part fi" of and keep only the absolutely continuous part. 
Then we can write 



^^(a;) = {27t)-'^/^ J J2K^^{k)exp{-tXo,k'')^^{k) d'^k. 



(49) 



By substitution into eq. 



E 



we obtain the condition 

2 



Y,K,„{k)ij,{k) 



d'^k < 



(50) 



which is equivalento to the following condition valid for almost all the values 
oikeS: 



E 



^Ky^{k)c^ 



<EKI 



(51) 
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This formula means that the matrices K^fj{k) represent bounded operators 
K{k) : n{k) n with \\K{k)\\ < 1. 

If the subspace Ti" is not reduced to zero, the normahzation condition 
(p!OD cannot be satisfied, but we can consider the weaker condition 

r{M) = P', (52) 

where P' is the projection operator on the subspace TC' defined by eq. (|27|). 
If we impose this condition we obtain 



Y,K^^{k)K^,,{k)=5„„,. (53) 

7 

This equation means that the operators K{k) are isometric. 
In conclusion we have: 

Proposition 3 The most general translation covariant bounded POV mea- 
sure T is given by eqs. (0), (|43|) and (|49|), where the quantities K^^{k) satisfy 



the condition ([5T| ) and, if we impose the normalization condition (0), also 
eq. (^3|). We have 

r(/)^ = if ijen". (54) 

Note that for d = 1 these results apply to a time-of-arrival observable. 

In an asymptotically complete ^ theory without massless particles, 
the subspace Ti" contains the vacuum and the one-particle states. It is phys- 
ically clear that those states cannot individuate an event. The subspace Ti' 
contains scattering states, which can be described in terms of two or more 
incoming or outgoing particles. The description of 7i in terms of asymptotic 
states is physically interesting, because it deals with a situation in which the 
space-time position of an event, for instance a collision, is measured by means 
of operations performed in a far-away region, as it happens, for instance, in 
the famous conceptual position measurement by means of a microscope, dis- 
cussed by Heisenberg and reconsidered by Mead in the presence 
of the gravitational interaction. This point of view could also provide the 
starting point for the introduction of space-time concepts in a pure S-matrix 
theory. 
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3 Poincare covariant POV measures. 



The covariance condition (|T3|) with respect to the proper orthochronous 
Poincare group introduces some new constraints. It is easy to show that 
the linear space V is invariant under the Poincare transformations and if 
(pyip & V we have 

p{U{y,a)ip,U{y,a)(f),A{a)x + y) = piijj, (f), x). (55) 

Since the translation covariance has already been exploited, it is sufficient to 
impose that 

p(f/(0, a)^, U{0, a)<P, 0) = p(^, 0). (56) 

It follows that U{0, a) defines an unitary representation of SL{2, C) in the 
quotient space V /Vq and in its completion 7Y. We indicate this representation 
by f/(a). The operator h is an intertwining operator, namely we have 

U{a)h = hU{'d,a). (57) 

In order to proceed, we have to examine the representations f/(x, a) and 
lJ{a) with more detail. We consider again the case d = A. We remark 
that the subspace Ti' is invariant under the representation f/(a;,a) and we 
indicate by U'{x, a) the restriction of t/(x, a) to Ti' . We decompose this 
representation into a direct integral of irreducible unitary representations 
(lURs) of V [Q. Of course, only positive-energy representations appear 
in this decomposition. Since the four-momentum spectrum is absolutely 
continuous, we can disregard zero-mass representations and consider only 
positive- mass lURs, which are labelled by the mass p and the spin j. 

The Hilbert space Ti' is decomposed into a direct integral of spaces in 
which lURs of V operate. A vector -0 e is described by a wave function 
of the kind ipajm{k), where the index a labels the spaces in which equivalent 
lURs operate. For instance, in a two-particle state a describes the centre- 
of-mass helicities It is not necessary to specify the mass p, since it is a 



function of k. The norm is given by 

= / T.\^^jmm'd% (58) 



where V is the open future cone. 



ajm 
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For fixed a, /x and j, the group V acts in the way described by Wigner 
33]. We choose for each four-momentum k E V an element G SL{2,C) 
with the property 

A; = A(afc)g(/i), = (/i, 0, 0, 0), /i = (fc.r)^/^ (59) 

and we indicate by Rl^^,{u) the (2j + l)-dimensional lUR of SU{2). Then 
we have 

a)V']^jm(fc) = e-XY>{iKx'^)R^^^,{u)i)„jm'{k'), (60) 

where 

fc' = A{a-^)k, u = al^aaw e SU{2). (61) 

In order to describe the representation U, we consider its direct integral 
decomposition into lURs of SL{2,C). Their matrix elements D^m-,^,{a) are 
treated in refs. IBBI, There are two series of lURs: the principal se- 



ries with c imaginary and M integral or half-integral, and the supplementary 
series with — 1 < c < 1 and M = 0. The representations and 
are unitarily equivalent. One should not forget the trivial one-dimensional 
representation. Since the symbol D"'^^ does not appear in the list given 
above, we use it to indicate the one-dimensional representation. It has only 
the matrix element Doooo('^) ~ This convention is partially justified by 
continuity arguments. 

The restriction of these representations to the subgroup SU{2) is given 

by 

Dfm^Un) = ^n'Rlm'iu). u e SU{2) (62) 
and the possible values of the indices j, m are 

j = |M|,|M| + l,..., for c^±l, 

J = |M| = 0, for c = ±1, 

m = -j, -j + 1, . . . ,j. (63) 

In the following it is understood that all the quantities that depend on these 
indices vanish if the these relations are not satisfied. 

We consider the direct integral decomposition the Hilbert space Ti into 
irreducibles spaces labelled by the variable 7 

n = J^n^duj{^). (64) 
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The variable 7 stands for the parameters c and M that label the equivalence 
classes of lURs of SL{2, C) and an index z/ that distinguishes the spaces where 
equivalent lURs operate. F is a set of points labelled by these parameters 
and C(j is a positive measure on F. An element \E' G can be described by 
the quantity \l/-yi„ = "^ucMin- Its norm is given by 

ll^f = / El^7/n|'c?c^(7) (65) 

''^ In 

and the representation U acts in the following way 

[Uia)^lcMln = E DtX'ia)^ucMl'n'- (66) 
I'n' 

Now we have to adapt the formulas found in the preceding Section to 
the description given above of the spaces H' and H. In the first case, we 
have just to replace the index a by the set of indices {cr, j, m}, as we have 
done in replacing eq. (^) by eq. (|58D . In the second case, we have to replace 
the index 7 by the set of indices {7, /, n}, where 7 = {u, c, M}. Since c is a 
continuous parameter, the sum over 7 has to be replaced by an integral with 
respect to the measure duj{'y), which also implies a sum over the indices u 
and M. In this way, for example, we pass from eq. ( ^TD to eq. (|65|). 

By means of these substitutions, the eq. (^) takes the form 



7/n 



^^z, = (27r)-2 / E K^lnajmik)ij„r'nik) (fk. (67) 



From the intertwining property (|57|) we obtain 

E Df^l'n'{.0)KycMl'n'ajm{,k') = E KycMlnajm'{.k)R^^,^{u) , (68) 



I'n' 



where k' and u are given by eq. (|6l|). If we put a = ataf^} , we get u = 1 and, 
using the representation property, 

Df^l'n'{(h,'^)KvcMl'n'ajm{k') = ^ Df^[,^, (a^^) K^cMl'n'ajmik) . (69) 
I'n' I'n' 

We see that this is a Lorentz invariant function of k, which depends only on 
/i. Then we can write 

KucMln(Tjm{k) = Df^i,^i{ak)FycMl' n' ajmilA ■ {^^) 
I'n' 
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If we substitute this formula into eq. (^) we obtain 

'^R'nn'i'u)P'^cMln'ajmifJ') = ^ FycMlnajm'{n)Rm'm{'^) (^l) 
n' m' 

and from the Schur lemma we obtain 

FucMlnajmilJ') = Fl^j^^^{ll)5lj5nm (72) 

and in conclusion 

K.cMin.Uk) = DtSMF^M. (73) 

By taking this formula into account and by adding the new representation 
indices, the eqs. (H), (|9D, (|l]) and (|5|) take the form 

p{^,x)= I ^|vl>,,„(x)|2f/u;(7), (74) 

•'^ In 

m,i^{x) = (27r)-2 / exp(-zx„A;°) ^ Df^^^ia,)F^Mi^^jmik) d% (75) 



2 



dcu{^)<J2\c^\', (76) 



|^F^.(/i)F^',,(/i)rfa;(7) = 5..'. (77) 

In conclusion, we have 

Proposition 4 The most general bounded Poincare covariant POV measure 
T on the Minkowski space-time is given by eqs. (|3T|) , (74) and ([75|) , in terms 
of the measure ui, and of the function F^^{p) satisfying the condition (|76D. 
The normalization condition (^) is equivalent to eq. ([77|) . 



It is interesting to remark that the lURs of SL{2, C) belonging to the sup- 
plementary series and the one-dimensional representation may appear in the 
decomposition of U on which the construction of the POV measure is based. 
On the contrary, they do not appear in the direct integral decomposition. 



based on the Plancherel formula pq, 66, pTi, of the unitary representation 



f/'(0, a) which acts on the physical Hilbert space Ti,'. This could not happen 
if the intertwining operator h, which is defined on T> had a unitary extension 
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to the whole Hilbert space Ti. The existence of this extension, however, does 
not follow from our assumptions. 

If the theory is invariant under the dilatations 

i^.Uk) ^ €jm{k) = X'iJ.jMk), (78) 

the covariance under dilatations requires 

p(^',x)=A-V(^,A-M. (79) 

This condition is equivalent to the requirement that the functions F^^{fi) do 
not depend on /x. 



4 Baricentric events. 

The general formulas given in the preceding Sections describe a very large 
class of covariant POV measures. Now we have to discuss how some physical 
requirements can be used to obtain more definite results. We have already 
discussed the normalization requirement (|52D . Another interesting condition 
is to require that the space coordinates X^, X^, X^ coincide with the coordi- 
nates of the centre-of-mass at the time X^. The formulation of this condition 
for a quantum system is somehow ambiguous and it is useful to discuss first 
the classical relativistic case. We indicate by 

L"^(x) = L"^ - a;°P^ + x^P", L""^ = L"^(0), (80) 

the relativistic angular momentum tensor with respect to the point x & Ai. 
The world-line of the centre of mass contains x if we have 



Li"(x) = L^"(x) = L^"(x) = 0. (81) 

If in center-of-mass system there is a non vanishing angular momentum, the 
position of the center-of-mass depends on the velocity of the observer and it 
is useful to work in a frame in which = _ p3 _ g 'jj-^gn^ the square 
of the spatial distance of the centre-of-mass from the origin, which does not 
depend on time, is given by 

E = f](x")2 = (pO)-2^(L°°)2 = {P^P^Y^L^pPl^P^L^''. (82) 

a=l a. 



17 



We adopt the last expression, which is Lorentz invariant. 

In a quantum theory we have to use the Hermitian operator corresponding 
to the quantity H (there is some problem of ordering). It is defined on the 
dense space V introduced in Section 2 and, since it is positive, it has a self- 
adjoint extension and we can consider a wide class of functions /(S). It is 
natural to interpret the operator 6'(S — rf), as the spectral projector on the 
states in which the world-line of the centre of mass has a distance from the 
origin larger that 77 > 0. If we introduce the Casimir operators of V 

Ci = P„P", C2 = 5" = ^e^^^^P^L^, (83) 

and the Casimir operators of SL{2, C) 

1 1 

C3 = -LapL"^^ ■, C4 = -6°''^'^^ LafsLjS, (84) 
Z o 

we have 

E = CfC2 - {C^r^C^. (85) 
The Casimir operators have the properties 

[Clll)\ajm{k) = fi^1pajm{k), [C2'lp]ajm{k) = + l)^/'^jm (fc) , (86) 

[C3^]-,in(0) = (M^ + c'- l)^-,/„(0), [C.^UniO) = iMc^^iniO). (87) 

Note that, since ip & V, \l/^/„(x) is a differentiable function of x. Then from 
eq. (|7^) we have 

[fiEm,UO) = (2vr)-2- 
■/ T.DSMF:iAf^)^^Uk)f{^^~\j{j + l)-M'-c' + l))d'k. (88) 

According to our interpretation, a POV measure r is strictly baricentric 
if we have 

p(/(H)V^,0)=0, (89) 

whenever the function / vanishes in a neighborhood of zero, namely /(S)?/; 
represents a state in which the of the world-line of the centre-of-mass does 
not meet a neighborhood of the origin. It could seem natural to require that 
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the density ( pQ] ) vanishes in the same neighborhood, but this is not permitted 
by Proposition ||. The condition (^91) imphes that 

HmM^^ only if j(j + l)-iVf'-c' + l = 0, (90) 

namely if 

J = M = 0, c = ±1. (91) 

We see that in the definition of r only the trivial one-dimensional represen- 
tation can appear. Moreover, r must vanish on all the subspaces of Ti' 
which correspond to non vanishing values of the index j and it cannot be 
normalized in the sense of eq. (§^, which requires that eq. ( |77D is satisfied 
for all the values of j and /i. 

If we consider a system composed of two free spinless point particles, j is 
the angular momentum in their centre-of-mass and the condition j = means 
that the two particles meet as closely as it is permitted by the indeterminacy 
relations; otherwise, the event does not take place. This point of view is 
similar to the one discussed in ref. which deals with the time-of-arrival 
of a single relativistic particle at a fixed point in three dimensions. However, 
one can also consider events which correspond, in the classical case, to the 
centre-of-mass at the time in which the distance between the two particles 
takes its minimum value. An event of this kind happens for arbitrary values 
of the angular momentum j. 

In order to define a normalized POV measure which is as bari centric as 
possible, we have to minimize, for every value of j, the expression j{j + 1) — 
— + namely to impose the condition 

KmM + only if 
M = j, c = 1 for J = and c = for j > 0. (92) 

Note that in this case the measure cc;(7) is discrete and the corresponding 
integral can be replaced by a sum, namely we can write 

P(^,a;) = (27r)-^y" J expiixaik"" - k'')) ^ Df^,^^{a^}ak)- 

^ ^ i/jcr'm'crm 

■ FU^^')FiM^P^,,^ik')^^,Uk) d'k' d% FIM = F^^^M- (93) 

Note that there is no interference term between states with different j. 
The POV measures which satisfy the condition (|92D will be called quasi- 
baricentric. We shall discuss some of their properties in the next Sections. 
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5 The coordinate operators. 



Even if the coordinates of an event are described more completely by the POV 
measure r, it is interesting to consider the (non self-adjoint) operators X°' 
defined by eq. ([T^). Note that they can be used to calculate the average values 
of the coordinates, but not, in general, to obtain in the usual way the details 
of their statistical distributions. As we see from eq. (|16|), these operators 
are more meaningful when the normalization condition ([T0|) is satisfied and 
we consider only this case. Then we have to disregard the Hilbert subspace 
Ti" and consider only states with an absolutely continuous four-momentum 
spectrum. 

From eqs. (|3T|) and ( [74D we obtain 

(^,X»= J x''p{ilj,x)d^x = Jx""! Y.\-^^in{x)\'^duj{'j)d^x. (94) 

^ In 



li ijj ^ V, from eq. (|75D we have 



■ E {Dt:l^miak)F^M^.,m{k)) d'k. (95) 



The derivative in the right hand side is composed of three terms, which, when 
substituted into eq. (p^), give rise to three contributions 

{iP, X^V') = A" + 5" + C". (96) 



By taking into account the normalization condition (|77D and the representa- 
tion property, after some calculations we obtain 



^ V ^ L / ■ / I 



a' fm' ajm 

J4; 



■ F^MF^M^a'rmik)tlj^jm{k) d'k du{^), (97) 
5" = /x-^y' k^ T^Mtlj,'jm{k)tpajm{k) d% (98) 



aa'jm 
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Q 



where we have introduced the Hermitiam matrices 

d 



^aj'm'jm{k) i 



TIM 



d 



k'=k 



(99) 



(100) 



(101) 



The term has a famihar form and it is covariant under translations, but 
not under the Lorentz group. The other terms are translation invariant. The 
term 5" vanishes if F-^^{fi) does not depend on /x, as it necessarily happens 
in dilatation invariant theories. 

In order to compute the quantities ( |100| ), we use the following expression 
for the Wigner boosts: 



afc = (2/i(/i + k'))-'/\fx + + Fa^). 



(102) 



Here and in the following the indices r, s, t take the values 1, 2, 3. If we put 
q°' = k" — k'"' and we disregard quadratic and higher order terms in these 
differences, we have 



q^k^'a'' q^a"" k'a'k^q'' 



2/i2 2/i 2^J?{^Ji + k^) 2i2{i2 + kO) 
If the quantites 6^ and are infinitesimal, we have 

DZ'U^ - + ICcr^ + ...) = 



+ 1^^^^^ + ... (103) 



(104) 



where M^,^ are the usual angular momentum matrices and iVJ/^'^vn ^^e 
generators of the SL{2, C) boosts, which can be found (with different nota- 
tions) in ref. |^5[. From these formulas we obtain 



CMC fi\ ^ _J^rMc 



(105) 
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rj'm'jmK ' ,, j'n^'j^ 



-m!t^,m + , ' , u.. ^r^Mli,^. (106) 



Now we consider with more detail quasi-baricentric events, namely we 
assume that the condition ( p2D is satisfied. Then we have only terms with 
j' = j = M and the value of c is fixed. From the formulas given in ref. ^5 
we have 

iV;^^^„ = 0, if Mc = 0. (107) 
Then, by means of eq. (^), we obtain the simpler expressions 

A' = 0, A^ = - f f^J[ ^KMk)M'd>^^.jUk) d'k. (108) 

Note that the same expression can be obtained for different choices of the 
parameters which define the POV measure r. For instance, in the term with 
j' = j = M = we can choose an arbitrary value of c without affecting the 
operators X". 

We want to show that if the POV measure is normalized and quasi- 
baricentric, the operators can be written in a form similar to the one 
suggested in ref. namely 

X" = {P.,P^')-\PpL''^ - P^'iD - 2t)), (109) 

where L"^ are the components of the relativistic angular momentum operator 
and D is given by 

^ = ^(^^"^ + 2) -/iT(/i), (110) 

where T(/i) is the matrix defined by eq. ( |101|) which acts on the index a of the 
wave function. In a theory with dilatation symmetry the term T(/i) vanishes 
and the operator D has a self-adjoint extension which is the generator of the 
dilatations defined by eq. (^). In the general case, D is just an Hermitian 
operator defined on the domain V. It describes the clock which is necessarily 
present in the object that defines the event and T(/i) can be interpreted as 
a kind of proper time delay. 
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The operators L"^^ are the generators of the Lorentz transformations de- 
fined by eq. (|60|) . They are given by 

( d d \ 

L^p = iyK-gj^-kp^j+L^p, (111) 

where Lap are matrices which represent infinitesimal rotations and act on 
the index m of the wave function. They have the form 

One can easily verify that eq. ( |109| ) follows from these formulas. 

We have seen that eq. ( |109|) holds for all the normalized quasi-baricentric 



POV measures and it agrees with the formula given in ref. if the theory 
is symmetric under dilatations. Since the event lies on the world-line of 
the center-of-mass, the dynamical aspects concern only the clock described 
by the operator D. The other aspects have simply a kinematical, namely 
group-theoretical, character. 



6 Coordinates as definite observables. 

In this last Section we discuss the conditions that permit the determination 
of the coordinates of an event, in suitably chosen states, with an arbitrary 
precision. Following ref. we introduce the definition: 

Definition 1 We say that an observable described by a POV measure r is 
"definite" (or simply that t is definite) if, whenever the set I has a non empty 
interior we have 

||r(/)|| = l. (113) 

This means that, with an apropriate choice of the state ip, the probability 
that the result of the observable lies in / can be made as near to 1 as we 
want. 

If the POV measure is translation covariant, it is sufficient to impose the 
condition (|113| ) for the sets / which form a fundamental system of neighbor- 



hoods of the origin. Another equivalent condition is to require the existence 
of a sequence {ip^-*"^} of normalized vectors with the property 

lim (V'^^\r(/)V^(^)) = 1 (114) 

A— >oo 
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when I is an arbitrary neighborhood of the origin. An equivalent property is 

Mm p{^^^\x) = 5'^{x) (115) 

A— >oo 

in the sense of distribution theory. By means of a Fourier transformation 
and of eqs. (|43|) and (|^), we can also write 

lim / V K^^,{k')K^„{k' + k)i)^^\k')i)^^\k' + k) (fk' = 1 (116) 

A-^oo Jv I 

7(7 cr' 

always in the sense of distribution theory. 

A sufficient condition can be obtained by considering the particular choice 

^W(fc)=A-'^/V(fc)0(A-^fc), (117) 

where (/)(fc) is a test function with compact support J C and 

\c\){k)f d\ = \, (118) 

Eic.(fc)r = i- (119) 
(J 

We are assuming that for A sufficiently large the set AJ is contained in the 
region (possibly dependent on a) where the wave function tpa{k) is defined. 

Then the eq. ( p.l6| ), after a rescaling of the integration variable, takes the 
form 

lim I r{\k\Xk' + k)JiJ^(P{k' + \-^k)d'^k' = 1, (120) 

A— >oo J 

where 

rik\ k) = J2 K^a'Xk')K^,{kyAk^c„{k) < 1. (121) 

From these formulas, we find 

Proposition 5 The translation covariant POV measure t described in Propo- 
sition^ is definite if we can find the measurable functions Ca{k), which satisfy 
the normalization condition (|119|) , in such a way that 



lim r{Xk', Xk' + k) = 1, k' e J, ke R^. (122) 

A— >oo 
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This is not a necessary condition, but it shows that the definiteness property 
depends on the asymptotic behaviour of K^„{k). 

Now we consider a quasi-baricentric Poincare covariant POV measure of 
the kind described by eq. (pS]) . Since there is no interference between terms 
with different j, we try to satisfy eq. (|116|) by means of wave functions which 
do not vanish only for a given pair of values of the indices j, m and for these 
values of the indices are given by 

£^.^{k) = X-'l\M^{\~'k), (123) 

with the normalization conditions ( |118|) and 

Eic.(/^)r = i- (124) 



Also in this case we obtain the condition ( |122| ) with 

r{ 



ik\ k)=Y: Fl^,^i^^')FlMDjl,,^ia,}a,)c^i^l')cM■ (125) 

ua'a 

If we remark that a\k = a^, we see that 



it follows that 



lim a^l,axk'+k = 1, (126) 

A— ►oo 



lim {r{Xk', Xk' + k)- f{Xk', Xk' + k)) = 0, (127) 

A— >oo 



where 



f{k',k) = f(/i',/i) = ^ FUf^')FlMcAf^')cAf^)- (128) 



In conclusion, we have the following sufficient condition: 

Proposition 6 The Poincare covariant and quasi-baricentric POV measure 
T described by eq. (0) is definite if we can find the measurable functions 
CcrifJ'), which satisfy the normalization condition ( [L24| ), in such a way that, 
for some value of the index j , the expression defined by eq. ( |128| ) has the 
property 

lim f(/i,/i + c) = 1 (129) 
uniformly for c belonging to any bounded interval of the real line. 



Acknowledgments: I am grateful to Dr. R. Giannitrapani for many useful 
discussions. 
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